
Modelling Pattern Formation in    
Developmental Biology

Philip K. Maini

Wolfson Centre for Mathematical Biology,

Mathematical Institute,

Oxford, UK

maini@maths.ox.ac.uk



WHAT IS A MODEL?



Some examples of models



We are all modellers

“This model will be a simplification and an idealization, and 
consequently a falsification. It is to be hoped that the features 
retained for discussion are those of greatest importance in the 
present state of knowledge.” Turing, 1952

A.M. Turing, The chemical basis of morphogenesis, Phil. Trans. 
R. Soc. B, 237, 37-72 (1952)

“All models are wrong, but some are useful” (George Box)



Different modelling approaches

• In Vivo Models

• In Vitro Models

• Data-Driven Models 

• Mechanistic Models 

increasing abstraction

increasing  understanding

decreasing tractability



Turing wanted to know how patterns form.



For example, how animals  have such colourful coat markings, 

how a tree branches (so that it’s cross-sectional circular 
symmetry is broken). 



Symmetry Breaking





For example, in the case of the tree, he assumed that 
trees respond to a growth hormone that has a circular 
distribution but that an instability arises that causes it to 
have local maxima, and this is where the branches form. 

In general, he called these chemicals  “morphogens” as 
they gave rise to form. That is, they form a pre-pattern
to which cells respond.



But, wait

He said: 

But we know that diffusion wipes out 

pattern!



Diffusion wipes out pattern

i.e., diffusion is stabilising – and we can prove it!



𝜕𝑐

𝜕𝑡
=𝐷𝛻2c + f(c)

where 𝑐 𝒙, 𝑡 is density/concentration of substance at position 𝒙 and time 𝑡.

𝐷 is a positive constant and f is typically a polynomial or rational function.

A spatially uniform steady state is a constant value of 𝑐 𝑥, 𝑡 (𝑐∗), such that 

𝑓(𝑐∗) = 0 and it also satisfies the boundary conditions.

Linearising   [ 𝑐 𝑥, 𝑡 = 𝑐∗ + ǁ𝑐(𝑥, 𝑡) ], using Taylor’s theorem 

and ignoring higher order terms we have, in 1-D for example:

𝜕 ǁ𝑐

𝜕𝑡
= 𝐷

𝜕2 ǁ𝑐

𝜕𝑥2
+ 𝑓′ (𝑐∗) 



For the case of a domain of length 𝐿, with fixed boundary conditions at 

the steady state, the solution to this linear equation is:

ǁ𝑐 = ෍

𝑛=1

𝑛=∞

exp{𝑓′ 𝑐∗ − 𝐷
𝑛2𝜋2

𝐿2
}𝑡 𝑠𝑖𝑛

𝑛𝜋𝑥

𝐿

If 𝑓′ 𝑐∗ > 0, then the steady state is unstable in the 

absence of diffusion since the perturbation ǁ𝑐 grows in time.

However, if 𝐷 >
𝐿2

𝜋2
𝑓′(𝑐∗), then the steady state is stable in the 

presence of diffusion.

DIFFUSION IS STABILISING



𝑋𝑟

𝑋𝑟+1𝑋𝑟−1

𝑋𝑟−1 - 𝑋𝑟 𝑋𝑟+1 - 𝑋𝑟

Turing considered a system of two chemicals reacting and 

diffusing on a ring:



𝜕𝒄

𝜕𝑡
=𝑫𝛻2𝐜 + 𝒇(𝐜)

where 𝒄 and 𝒇 are 2x1 vectors and 𝑫 is a 2x2 matrix

𝑓𝑢 + 𝑔𝑣 < 0

𝑓𝑢𝑔𝑣 − 𝑓𝑣𝑔𝑢 > 0

𝐷2𝑓𝑢 + 𝐷1𝑔𝑣 > 0

𝐷2𝑓𝑢 + 𝐷1𝑔𝑣 > 2 𝐷1𝐷2(𝑓𝑢𝑔𝑣 − 𝑓𝑣𝑔𝑢)

where the function derivatives are evaluated at the 

steady state and the concentrations (components of 𝒄) 

are 𝑢 and 𝑣

𝑓𝑢 𝑓𝑣
𝑔𝑢 𝑔𝑣

=      
+ +
− −

𝑜𝑟
+ −
+ −

For the second case, 𝑢 activates itself and also activates 𝑣 but, in 

return, 𝑣 𝑖𝑛ℎ𝑖𝑏𝑖𝑡𝑠 𝑢.

Moreover, from the inequalities, it follows that 𝐷2 > 𝐷1



That is, the inhibitor diffuses faster than the activator – leading to the idea 

of short-range activation, long-range inhibition

Liu et al, 

Physics 

of Life 

Reviews, 

19, 107-

121, 2016

Different cell fates

Chemical pre-pattern



Short-range activation, long-range inhibition



Example simulation from Turing’s paper



Quick Aside

We do not need two (or more) chemicals if we have more 

complicated transport. 

For example, the Cahn-Hilliard equation: 



A crucial part of the analysis is that the solution to the linearised

reaction-diffusion system can be written in the form 𝑋 𝒙 𝑇(𝑡)
where 

𝛻2X = −𝑘2X

and 𝑋 satisfies the boundary conditions.

That is, the spatial component of the solution is the eigenfunction of 

the Laplacian subject to the boundary conditions.

So, at least for the linearised system, the patterns should 

satisfy the following properties:

1. In one-dimension, for small domains there is no pattern.

2. As the domain increases in length, the complexity of the 

pattern increases.



Eg, for zero flux boundary conditions on the domain 

0, 𝐿 , the spatial component will be of the form cos
𝑛𝜋𝑥

𝐿

where 𝑛 is an integer such that 
𝑛2𝜋2

𝐿2
∈ (𝑘−

2 , 𝑘+
2), where 

𝑘− and 𝑘+ are fixed by the parameters in the model.

For the domain 0, 𝐿𝑥 x[0, 𝐿𝑦] with zero flux boundary 

conditions we have solutions of the form 

𝑐𝑜𝑠
𝑛𝜋𝑥

𝐿𝑥
cos

𝑚𝜋𝑦

𝐿𝑦

where

𝑛2𝜋2

𝐿𝑥
2 +

𝑚2𝜋2

𝐿𝑦
2 ∈ (𝑘−,

2 𝑘+
2).

3. Therefore, long thin strips will have stripes (𝑚 = 0) 

while broader domains will have spots –

developmental constraint.



Some examples of 𝑓 and 𝑔 (the reaction parts of the reaction-diffusion model).

Gierer-Meinhardt Model (1972): phenomenological model:

𝑓 = 𝑘1 − 𝑘2𝑢 +
𝑘3𝑢

2

𝑣
,     𝑔 = 𝑘4𝑢

2 − 𝑘5𝑣, 

where the k’s are positive constants.

Thomas Model (1975): empirical model for uric acid (𝑢) and oxygen 𝑣:
𝑓 = 𝑘1 − 𝑘2𝑢 − ℎ 𝑢, 𝑣 , 𝑔 = 𝑘3 − 𝑘4𝑣 − ℎ 𝑢, 𝑣 ,

where ℎ 𝑢, 𝑣 =
𝑘5𝑢𝑣

𝑘6+𝑘7𝑢+𝑘8𝑢2
, and the k’s are positive constants.

Schnakenberg Model (1979):

𝑓 = 𝑘1 − 𝑘2𝑢 + 𝑘3𝑢
2𝑣, 𝑔 = 𝑘4 − 𝑘5𝑢

2𝑣,
where the k’s are positive constants.

2𝐴 + 𝐵
𝑘3
3𝐴 ֜ 𝑘3[𝐴]

2 [𝐵] (Law of Mass Action)



Patterns

Linear analysis turns out to be a pretty good predictor of patterns

(weakly non-linear analysis, numerical simulation, bifurcation 
analysis etc. etc.).



APPLICATIONS



J.D. Murray



Domain increases in 

size (a)-(g)



Tapering cylinder





Developmental  Constraint: Oster, Shubin, Murray, Alberch, 
Evolution and Morphogenesis Rules.  The shape of the 
vertebrate limb in ontogeny & plylogency Evolution 45, 862-
884, 1988

Data-driven modelling meets mechanistic modelling









So, just because the model agrees with 
observations …



Experiments

• If we were to decrease/increase the domain size of the limb 
domain that produces digits would we obtain:

• Smaller/larger digits but the same number as normal?

• Fewer/more digits but the same size as normal?

The Turing model predicts the latter.



Fig. 18.7a-d. Experimentally induced alterations 
in the foot of the salamander Ambystoma
mexicanum and the frog Xenopus laevis through 
treatment of the limb bud with colchicine.  (a) 
Normal right foot of the salamander and (b) the 
treated left foot.  (c) Normal right foot of the frog 
with (d) the treated left foot.  (From Alberch and 
Gale 1983: photographs courtesy of P. Alberch)



17.14a-c (a) Graft experiments involve taking a small piece of tissue from one limb bud and grafting it onto 
another.  The effect of such a graft is to induce increased cell proliferation and hence increase the subsequent 
size of limb.  The result is to induce growth commensurate with a domain in which multiple cell condensations 
can be fitted in at each stage of growth and hence result in double limbs.  (b) Photograph of a double limb in a 
10 day chick following an anterior graft of tissue from the posterior region, the zone of polarizing activity (ZPA), 
of another limb as in (a).  The grafted tissue creates the appropriate symmetry which results in a mirror image 
limb.  (From Wolpert and Hornburch 1987: photograph courtesy of L Wolpert and A. Hornburch) (c) A natural 
example of a double hand of a Boston man: note the lack of thumb and the mirror symmetry.  (After Walbot and 
Holder 1987).



Two humeri in the double anterior limb

A thin humerus in the single posterior limb

Wolpert and Hornbruch, Development, 1990, 109, 961-966



Assume that the inhibitor diffusivity is controlled, say via gap junctional permeability, 

by a chemical, c, that diffuses from the anterior (cf Othmer and Pate, PNAS, 1980, 

77, 4180-4184)

PKM, Benson, Sherratt, IMA J.Math.Appl.Med.Biol, 1992, 9, 197-213 



This model brings together Lewis Wolpert’s classical positional information model

(1969, JTB, 25, 1-47) and the Turing model 

(Wolpert, Development, 1989 Supplement, 3-12).

Positional information                  Turing



As mentioned before, the properties of Turing patterns from linear theory arise due 

to the properties of the eigenfunctions of the Laplacian.

Therefore, the patterns are mechanism-independent in that models based on 

alternative mechanisms eg cell aggregation via mechanical interaction (Oster, 

Murray, Harris, J. Embryol. Exp. Morph, 1983, 78, 83-125) will make the same 

predictions.



• J.D. Murray, Mathematical Biology, Springer 2002, 2003 (Xu, Vest, Murray, 
Appl. Optics, 22, 3479-3483 (1983) – vibrating plates.



Counter-examples





Hans Meinhardt, “The Algorithmic 
Beauty of SeaShells”







Tiger brush patterns in ecology



Do Turing patterns exist?

• This is still a highly controversial area – many potential 
activator-inhibitor morphogen pairs have been identified.

• However, in chemistry, the groups of DeKepper and Swinney
have shown that Turing patterns exist (CIMA – Chloride-Iodide-
Malonic-Acid), and they have been modelled by Lengyel and 
Epstein.





610-611



x = iodide, y = chlorite, s = starch

I. Lengyel and I.R. Epstein, PNAS, 1992, 89, 3977-3979





EFFECTS OF DOMAIN GROWTH

• Kondo and Asai, Nature, 1995

765-768









K.J. Painter, PKM, H.G. Othmer, 1999, PNAS, 96, 5549-5554

Effect of domain growth on cell density: 

Velocity field on a rectangular domain

𝑢 is one of the pair of chemicals in a 

Turing model, and serves as a 

chemoattractant.

Thick and thin stripes



K.J. Painter, PKM, H.G. Othmer,  2000, J.Math. Biol., 2000, 41, 285-314

Multiple chemotactic cues:



Still a very active field!!

Effects of curvature and complex evolving domains, coupling patterning 

mechanisms, patterns within cells, identification of possible Turing morphogens.

“Recent Progress and Open Frontiers in Turing’s Theory of Morphogenesis” 

Phil. Trans. A (A. Krause, V. Klika, E.A. Gaffney, PKM)



BUT, from where do the cells come?



Neural Crest 

A transient embryonic structure in vertebrates that gives rise to most of the 

peripheral nervous system and several non-neural cell types (muscle cells in 

the cardiovascular system, pigment cells, etc. etc.)



Stowers Institute for Medical Research

Paul Kulesa and Rebecca McLennan

With Ruth Baker and David Kay (Oxford)

Louise Dyson (now at Warwick)

Linus Schumacher (now at Edinburgh)

Rasa Giniuniate (Oxford)





Why study this?

66 birth defects are a result of neural crest problems (neurocristopathies)

Cranial neural crest cells are very similar in behaviour to the highly aggressive 

cancers, melanoma and neuroblastoma – serves as a powerful paradigm and is 

experimentally tractable.



Very little proliferation of the NC cells

Random movement of cells is too slow to account for invasion 

(simple calculation using mean-squared displacement)



Model Hypothesis

Can a chemoattractant (VEGF – vascular endothelial growth factor) 

produced by the overlying ectoderm be sufficient for robust invasion?

Reaction-diffusion PDE for VEGF with saturating (logistic) source 

production and sink terms for the cells. 



Assume a sink at the boundary (Homogeneous Dirichlet BCs -- later on we use 

zero flux –Neumann– conditions)

Cells are discrete entities – sense the gradient and move with constant speed 

in direction of increasing VEGF



Cell invasion with one cell type



Cell invasion with “leaders” and “followers”



Hypothesis Generation: “Leaders and Followers”

Old Model                           New Model

R. McLennan, L. Dyson, K.W. Prather, J.A. Morrison, R.E. Baker, PKM, P.M. Kulesa, Multiscale mechanisms of 
cell migration during development: theory and experiment, Development. 139, 2935-2944 (2012)



Bioinformatics meets mathematical modelling

Trailing cells upregulate cadherin 11

R. McLennan, L.J. Schumacher, J.A. Morrison, J.M. Teddy, D.A. Ridenour, A.C. Box, C.L. Semerad, H. Li, W. McDowell, D. 
Kay, PKM, R.E. Baker, P.M. Kulesa, Neural crest migration is driven by a few trailblazer cells with a unique molecular 
signature narrowly confined to the invasive front, Development, 142, 2014-2025, (2015)



Transplant followers to the front

Phenotypic switching



R. McLennan, L.J. Schumacher, J.A. Morrison, J.M. Teddy, D.A. Ridenour, A.C. Box, C.L. Semerad, H. Li, W. 

McDowell, D. Kay, PKM, R.E. Baker, P.M. Kulesa, VEGF signals induce trailblazer cell identity that drives 

neural crest migration, Dev. Biol., 407, 12-25, (2015)



Old Model                           New Model



DAN expression

NC (and melanoma) cells avoid DAN

R. McLennan, C.M. Bailey, L.J. Schumacher, J.M. Teddy, J.A. Morrison, J.C. Kasemeier-Kulesa, L.A. Wolfe, M.M. Gogol, R.E. 

Baker, PKM, P.M. Kulesa, DAN (NBL1) promotes collective neural crest migration by restraining uncontrolled invasion, J. Cell 

Biology, 216(10), 3339-3354 (2017) 



Conclusion

Biology leads to new mathematics 

and, in turn, mathematics leads to 

new biology.



THANK YOU 
FOR YOUR 
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